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Abstract

We analyze a two-stage sequential-move game of location and pricing to identify fir-

m’s location, output, and welfare. We consider two pricing regimes (mill pricing and

spatial price discrimination) and, unlike previous literature, allow in each of them for

a non-uniform population density, non-constant location costs, and endogenous mar-

ket boundaries. Under constant location costs, our results show the firm locates at the

city center under both mill and discriminatory pricing, and that output is larger un-

der spatial price discrimination. Welfare comparisons are, however, ambiguous. Under

non-constant location costs, we find the optimal location can move away from the city

center, and does not coincide across pricing regimes. Compared with mill pricing, spa-

tial price discrimination generates a higher level of output. We also find that welfare is

higher (lower) under mill than under discriminatory pricing when transportation rates

are low (high, respectively).
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1 Introduction

In some industries, such as cement and ready-mixed concrete, spatial price discrimination

is possible because firms are geographically differentiated and transportation is costly (Vo-

gel, 2011; Miller and Osborne, 2014). For example, spatial price discrimination has a long

history in the cement industry, where producers privately negotiate contracts with their cus-

tomers (Miller and Osborne, 2014).1 While such spatial price discrimination yields larger

profit, its welfare effects have long been the subject of debate. Despite being forbidden in

many countries, like U.S. under the Robinson-Patman Act (1936) and China under the An-

timonopoly Law (2007), many analysts argue that banning spatial price discrimination may

harm social welfare; see Greenhut and Ohta (1972) and Holahan (1975). Most previous s-

tudies show that price discrimination produces an unambiguous welfare improvement, but

this paper demonstrates that a welfare reduction can emerge under relatively general con-

ditions.

We analyze a monopolist’s location decision and compare the resulting output and so-

cial welfare under two pricing regimes: spatial price discrimination and mill pricing (no

discrimination)2. Previous studies considered two simplifying assumptions: (1) firm’s loca-

tion was given; and (2) consumers are uniformly distributed. While some studies relaxed

assumption (1) by allowing for firm’s location to be endogenous, they assumed that location

costs were constant, i.e., suggesting that the firm incurs the same location cost regardless

of its distance from the city center. We separately relax these assumptions, considering a

model of endogenous firm location (relaxing 1); in which consumers are not necessarily u-

niformly distributed (relaxing 2); and whereby location costs are not necessarily constant.

Such a general model allows us to show that output and welfare predictions are critically

affected by the assumptions often considered by the previous literature.

As Cheung and Wang (1995), we solve a two-stage sequential-move game of location

and pricing. In particular, the firm chooses its location in the first stage, and prices are

chosen in the second stage. We separately identify equilibrium behavior under spatial price

1These contracts specify discounts which depend on the ability of customers to substitute toward cement
produced by other firms. Most Portland cement is moved by truck, and purchasers are responsible for its
transportation costs, which accounts for a substantial proportion of total costs since this cement is inexpensive
relative to its weight. For more institutional details on this industry, see Miller and Osborne (2014).

2Under mill pricing, the firm charges each consumer a delivery (total) price that is equal to the sum of a mill
price and the transportation cost, while under spatial discriminatory pricing the firm sets location-specific
delivered prices for consumers.
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discrimination and mill pricing, and provide Monte Carlo simulations for those expressions

without explicit solutions.

Our results find that, when location costs are constant, the firm locates at the city center

both under mill and discriminatory pricing since most customers concentrate at the city

center. 3 However, when the location costs are non-constant (as in most industries), we

find that optimal location differs across pricing regimes. Under mill pricing, the firm locates

closer to the city center than under spatial price discrimination when transportation rates

are low; otherwise, the optimal location under mill pricing is further from the city center.

Spatial price discrimination, hence, yields unambiguously a larger market radius, higher

profits, and a larger output. Welfare under this pricing regime, however, depends on the

transportation cost per unit of distance. For low transportation costs, welfare under mill

pricing is higher than under spatial price discrimination; while for high transportation costs

the opposite result applies. Therefore, when transportation costs are relatively low (e.g.,

roads and railroads are in good condition, or transportation firms facing cheap oil prices),

spatial price discrimination is actually welfare reducing. In these contexts, regulations that

ban spatial price discrimination become welfare improving, while laws that allow or prevent

this type of discrimination under all conditions can entail welfare losses.

Location costs play a crucial role in firm’s location.4 The monopoly spatial price dis-

crimination literature assumes a constant location cost over the market space.5 However,

location costs, such as rental costs and land prices, differ by location (Hinloopen and Mar-

tin, 2016). For instance, a one-mile increase in the distance from the city center decreases

house prices in Chicago by 8%, see McMillen (2003); and, similarly, a one-percent increase

in the distance from the city center decreases rentals (land prices) in Shanghai (New York

Metropolitan area) by 0.14% (0.95%, respectively), see Wang et al. (2016) and Haughwout

et al. (2008).6 Importantly, our results show that, relaxing the assumption of constant loca-

tion costs changes firm’s equilibrium location. Specifically, the firm faces a trade-off since

3The market area (i.e., customers served), profit and output are larger under spatial price discrimination
than under mill pricing; whereas, the welfare may be larger or lower under discriminatory pricing.

4Before a firm starts operation, it must incur some location-dependent costs, such as renting a building as
factory.

5See Greenhut and Ohta (1972), Holahan (1975), Gronberg and Meyer (1982), Hobbs (1986), and Anderson
et al. (1989) for the case of uniformly distributed population, and Beckmann (1976), Hwang and Mai (1990),
and Cheung and Wang (1995) for the case of non-uniformly distributed population. All these papers assume
constant location costs.

6In addition, the price differential between city center and suburbs has significantly increased since 2000,
as documented by Edlund et al. (2015).
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locating closer to the city center helps it serve a larger number of customers but entails a

higher location cost. Our above findings show how this trade-off affects firm’s location and,

as a consequence, equilibrium output and welfare. Our results can thus be used at urban

policies that seek to attract more firms to the city center (e.g., inner cities), as our findings

help identify under which cases these policies can be beneficial.

Related literature. Our paper is related to the literature on monopoly spatial price dis-

crimination. Using a model with uniformly distributed consumers and linear demand, Green-

hut and Ohta (1972) and Holahan (1975) argue that, when the market area is variable, spa-

tial price discrimination results in firms producing larger output, serving larger market ar-

eas, and generating larger social welfare than under mill pricing. Beckmann (1976) relaxes

the assumption of uniform population density but assumes an exogenous market area. He

shows that spatial price discrimination yields lower welfare levels than mill pricing; a result

that holds for all customer distributions.

Another common assumption in the previous literature is that the monopolist’s loca-

tion is given and coincides across different pricing policies. Allowing the firm to strategi-

cally choose its location based on the pricing regime, however, affects output and welfare,

as shown in Beckmann and Thisse (1987), Hwang and Mai (1990), and Tan (2001). Che-

ung and Wang (1995) extend the analysis to non-uniform demands and show that, when

the monopolist serves a fixed market area, spatial price discrimination results in the same

total output, higher profit, lower consumer surplus and lower total welfare than mill pric-

ing. They also demonstrate that when location is chosen endogenously, output falls, and

consumer surplus and total welfare may rise or fall. However, the above studies assume a

fixed market. Since market areas served vary with each pricing regime (Greenhut and Ohta,

1972; Holahan, 1975; Ohta and Wako, 1988), we incorporate the location decision into mod-

els of monopolist’s spatial price discrimination with endogenous market areas. This general

model allows us to identify novel settings under which spatial price discrimination is wel-

fare reducing, thus supporting the arguments of regulators proposing to ban such a pricing

practice at least under certain conditions.

This paper, hence, contributes to the monopoly spatial price discrimination literature in

two ways. First, although several studies analyze output and welfare effects of spatial price

discrimination, few of them simultaneously consider non-uniform population density, en-

dogenous market boundaries, and endogenous plant location. Our setting hence is closer to
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real market conditions. Second, to our knowledge, this is the first study considering a non-

constant location cost in the analysis of monopolist’s spatial price discrimination. While

most studies assume that location costs are constant (i.e., firm incurs the same costs, re-

gardless of its distance from the city center), we allow them to decrease as the firm locates

further away from the city center, and show how output and welfare change.

The next section describes the model of our analysis. Section 3 analyzes the pricing de-

cisions in the second stage of the game. The location decisions in the first stage of the game

and equilibrium results are presented in Section 4. Section 5 concludes.

2 Model

Consider a setting where a monopolist produces a homogenous good and sells the product

to consumers distributed along the market line as shown in Figure 1. The total number

of consumers in the market is n. Following Claycombe (1996), we assume the population

density is closely approximated using the normal distribution. Let the city center be at point

0. Then the population density at any point x is

φ(x) = 1p
2πσ

e− x2

2σ2 (1)

whereσ denotes the standard deviation of the population distribution. However, our model

and methodology are not limited to normal density function.7

Figure 1: The market line

In this paper, we assume that the monopolist produces at a single location s on the mar-

ket line. The marginal cost of production is assumed constant, and, without loss of gen-

7 As σ→∞, the population density becomes uniform.
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erality, can be normalized to zero. We consider two types of location costs: constant and

non-constant. When non-constant, location costs are increasing in the market size, and in

the firm’s proximity to the city center, where the largest number of customers concentrate.8

In particular, location costs are represented by

F (s,n) = Anp
2πσF

e
− s2

2σ2
F (2)

where A > 0 and σF is the standard deviation of location cost distribution. If, in contrast,

location cost is constant, we consider F (s,n) = An, which is a special case of (2) when σF →
∞.

Assume each consumer at location x has linear demand function.9

qx = a −b(p + t |x − s|) (3)

where a,b > 0, qx is the quantity demanded by consumer at location x, p is the good’s price,

t represents transportation cost per unit of distance, and hence t |x − s| denotes the trans-

portation cost that customers at point x face. The monopolist can employ either mill pricing

or discriminatory pricing. Under mill (discriminatory) pricing, besides transportation cost,

the firm charges the same (different) product price pm (pd ) to each individual regardless of

(depending on, respectively) his location.

Following models of spatial competition with endogenous location and prices, we as-

sume a sequential-move game, with location chosen in the first stage and prices chosen in

the second stage (Hwang and Mai, 1990; Braid, 2008). In the following sections, we employ

backward induction to solve for the subgame perfect equilibrium.

3 Second stage: Pricing decisions

3.1 Mill pricing

Under mill pricing, the monopolist charges each consumer a delivery price, which is equal

to a constant mill price pm plus the transportation cost t |x − s|. With equation (1) and (3),

8As argued by Berliant and Konishi (2000), the setup costs in a marketplace depend on location and are
proportional to the number of consumers in the market, n.

9This assumption conforms to the work by Greenhut and Ohta (1972), Beckmann (1976), Holahan (1975),
Guo and Lai (2014), Chen and Hwang (2014), and Andree (2013).
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we can derive the monopolist’s revenue from selling the good to a customer at location x

N Rm(pm , x) = nφ(x)pm qx

= nφ(x)pm[a −b(pm + t |x − s|)]
(4)

Since production costs are zeros, the market boundaries for the monopolist are cus-

tomers at locations x satisfy N Rm(pm , x) = 0, that is,

Rm = s ± a −bpm

bt
(5)

which means that, when depicted over the market line (Figure 1), the firm’s left boundary

under mill pricing is LRm = s − a−bpm
bt and the right boundary is RRm = s + a−bpm

bt .

Given the above boundaries, the monopolist’s profit is

πm =
∫ s+ a−bpm

bt

s− a−bpm
bt

nφ(x)pm[a −b(pm + t |x − s|)]d x −F (s,n) (6)

Taking first order condition with respect to the monopolist’s mill price, pm , yields10

∂πm

∂pm
=

∫ s+ a−bpm
bt

s− a−bpm
bt

nφ(x)[a −2bpm −bt |x − s|]d x = 0 (7)

Given that the density function φ(x) follows a normal distribution, we cannot solve for

p∗
m in equation (7) analytically. It can only be analyzed numerically, as further developed in

section 4. Let p∗
m solve equation (7), where p∗

m ∈ (0, a
2b ).11 We can derive the monopolist’s

aggregate output under mill pricing

Qm =
∫ s+ a−bp∗m

bt

s− a−bp∗m
bt

nφ(x)[a −b(p∗
m + t |x − s|)]d x (8)

which yields profit of

Πm = p∗
mQm −F (s,n) (9)

10Note that the second-order condition for a maximum is satisfied since ∂2πm

∂p2
m

=−2b
∫ s+ a−bpm

bt

s− a−bpm
bt

nφ(x)d x < 0,

i.e., profits are concave in the mill price.
11Recall that ∂πm

∂pm
is decreasing in pm . This condition, together with the fact that ∂πm

∂pm
|pm=0 =∫ s−a/(bt )

s+a/(bt ) nφ(x)[a −bt |x − s|]d x > 0 and ∂πm
∂pm

|pm=a/(2b) = −∫ s−a/(2bt )
s+a/(2bt ) nφ(x)bt |x − s|d x < 0, implies that, using

the mean value theorem, the optimal price p∗
m , which is determined by ∂πm

∂pm
= 0, must be unique and at an

interior point of the interval (0, a
2b ).
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consumer’s surplus of

C Sm =
∫ s+ a−bp∗m

bt

s− a−bp∗m
bt

nφ(x)
[a −b(p∗

m + t |x − s|)]2

2b
d x (10)

and the social welfare

Wm =Πm +C Sm (11)

3.2 Discriminatory pricing

Under discriminatory pricing, the monopolist is allowed to charge different prices pd for the

good to consumers at different locations. In this case, the monopolist’s net revenue from

customers at location x is12

N Rd (pd , x) = nφ(x)pd [a −b(pd + t |x − s|)] (12)

Taking first order condition with respect to price pd yields13

∂N Rd (pd , x)

∂pd
= nφ(x)(a −2bpd −bt |x − s|) = 0 (13)

By solving for pd in equation (13), we find the price under discriminatory pricing

pd (x) = a −bt |x − s|
2b

(14)

which is a function of the location of customer x, as opposed to the mill price in expression

(7) which was constant for all x. Substituting equation (14) into (12), revenue becomes

N Rd (x) = nφ(x)(a −bt |x − s|)2

4b
(15)

Let N Rd (x) = 0 in order to obtain the boundaries under discriminatory pricing

Rd = s ± a

bt
(16)

which means that under discriminatory pricing, the monopolist’s left boundary is lRd =
s − a

bt and the right boundary is r Rd = s + a
bt . Using the discriminatory price in (14) and

12Similar arguments are made in the work by Holahan (1975) and Cheung and Wang (1995).
13Note that the second-order condition for a maximum is satisfied since ∂2N Rd (pd ,x)

∂p2
d

=−2bnφ(x) < 0.
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the boundaries in (16), we can find the monopolist’s aggregate output under discriminatory

pricing

Qd =
∫ s+ a

bt

s− a
bt

nφ(x)(a −bt |x − s|)
2

d x (17)

its profit

Πd =
∫ s+ a

bt

s− a
bt

nφ(x)(a −bt |x − s|)2

4b
d x −F (s,n) (18)

consumers’ surplus

C Sd =
∫ s+ a

bt

s− a
bt

nφ(x)(a −bt |x − s|)2

8b
d x (19)

and social welfare

Wd =Πd +C Sd (20)

4 First stage: location decisions

In this section, the monopolist chooses the plant location. We consider that location cost

F (s,n) depends on the firm’s distance from the city center, s, and the market size, n, i.e.,

F (s,n) = Anp
2πσF

e
− s2

2σ2
F . When σF → ∞, the location cost satisfies F (s,n) = An, thus being

constant in distance s. Since the population distribution and the location cost are both

symmetric with respect to the city center (point 0 in Figure 1), we only need to analyze the

case where s ≥ 0. Analogous results apply when s ≤ 0.

4.1 Equilibrium results

Mill pricing. Under mill pricing, the monopolist chooses a location to maximize the equi-

librium profit in (9). Taking first order conditions with respect to distance s yields

btnp∗
m

∫ s

s− a−bp∗m
bt

φ(x)d x −
∫ s+ a−bp∗m

bt

s
φ(x)d x

= Ansp
2πσ3

F

e
− s2

2σ2
F (21)

The right-hand side of (21) represents the marginal cost that the monopolist bears when

locating its plant closer to the city center (since land prices become more expensive as s →
0). The left-hand side, in contrast, indicates the marginal revenue of locating closer to the
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city center (where a larger mass of customer live). At the optimal location, marginal costs

and revenues under mill pricing coincide, i.e., MRLm(s) = MC L(s).

Discriminatory pricing. Under discriminatory pricing, the monopolist chooses a loca-

tion to maximize the equilibrium profit in (18). Taking first order conditions with respect to

distance s, we find

∫ s

s− a
bt

tnφ(x)
a −bt |x − s|

2
d x −

∫ s+ a
bt

s
tnφ(x)

a −bt |x − s|
2

d x = Ansp
2πσ3

F

e
− s2

2σ2
F (22)

The right-hand side of (22) coincides with that of (21), indicating that the monopolist’s

marginal cost of locating closer to the city center is unaffected by the pricing regime. The

marginal revenue (left-hand side) is, however, different from that under mill pricing.14 Simi-

larly as under mill pricing, the monopolist stops approaching the city center when marginal

costs and revenues under discriminatory pricing offset each other, i.e., MC Ld (s) = MC L(s).

In terms of location costs and population distribution, four cases arise: i) constant lo-

cation costs and uniformly distributed customers; ii) non-constant location costs but uni-

formly distributed customers; iii) constant location cost and normally distributed customer-

s; and iv) non-constant location costs and normally distributed customers. We next discuss

each case.

Case 1: Constant location costs and uniformly distributed customers. As σF →∞, loca-

tion costs become constant, i.e., F (s,n) = An for every distance s. In addition, as σ→ ∞,

the population density becomes the uniform distribution. In this context, a continuum of

equilibria emerges for both pricing regimes. That is, equilibrium locations s∗m,1 and s∗d ,1 can

be any points on the market line, where subscript 1 denotes Case 1, since profits coincide at

all locations. In addition, spatial price discrimination leads to more markets being served,

and generates a higher level of profit, output and greater social welfare than mill pricing; see

Holahan (1975) and Greenhut and Ohta (1972). We next present this result. (All proofs are

relegated to the Appendix.)

LEMMA 1: Under uniform population density and constant location cost, price discrimi-

nation yields a larger output and welfare than mill pricing.

Case 2: Non-constant location costs and uniformly distributed customers. Assume the

location costs are distinct at different locations and that the population density is uniform,

14A direct ranking of the two marginal revenues is unfeasible at this general stage of the model; but several
numerical simulations are provided at the end of the section.
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i.e., σF <∞ but σ→∞. Since customers are uniformly distributed in this setting, there are

no benefits of locating at the city center, i.e., marginal revenues are zero under both pricing

regimes. Marginal costs of location are, however, increasing as the firm approaches the city

center, driving it away from the city center, s∗ →∞. This result applies under both pricing

regimes, i.e., s∗m,2 = s∗d ,2 = s∗, where subscript 2 denotes Case 2.

LEMMA 2: Given non-constant location costs and a uniform population distribution, the

firm serves a larger market area and yields a higher level of profit, output and social welfare

under spatial price discrimination than under mill pricing.

Case 3: Constant location cost and normally distributed customers. As described above,

when σF → ∞, location costs become constant. In such a setting, the marginal costs of

locating closer to the city center are zero, both under mill and discriminatory pricing, driving

the monopoly to locate as close to the city center as possible in order to benefit from a larger

number of customers, as shown in the following proposition.

PROPOSITION 1. When location costs are constant, the firm locates at the city center,

both under mill and discriminatory pricing, i.e., s∗m = s∗d = 0.

In particular, constant location costs entail that, under mill (discriminatory) pricing, the

monopolist locates at the median of the population (demand) distribution, thus leading

the same number of customers (aggregate demand) to the left- and right-hand side of its

location. This is a common result in the literature of spatial discrimination when location

costs are constant; see Greenhut and Ohta (1972) and Holahan (1975).

Since the monopolist’s location coincides under both pricing regimes, the market area,

profit and total output are larger under spatial price discrimination than under mill pricing.

The welfare, however, may be higher or lower under discriminatory pricing (see Appendix D

for more details).

Our result on social welfare encompasses that in Cheung and Wang (1995), who show

that spatial price discrimination results in lower welfare assuming fixed market area, non-

uniform demands, and a given firm’s location. In our model,allowing endogenous market

boundaries, a discriminatory pricing monopoly serves a larger market area, thus increasing

welfare.

Case 4: Non-constant location costs and normally distributed customers. In this case, the

firm faces two opposing forces in its location decision: on one hand, the firm prefers to lo-

cate away from the city center since its location costs are cheaper. On the other hand, it
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prefers a central location in order to capture a larger amount of customers (normal distri-

bution). As a result of this trade-off, the firm does not locate at the city center (as it did in

Case 3) nor as far away from the center as possible (as it did in Case 2), but somewhere in

between these two polar locations. Analytical solutions for optimal locations are, however,

unfeasible because of nonlinearities in equations (21) and (22), but numerical simulations

are provided in section 4.2.

Table 1 summarizes firm’s optimal location as a function of location costs (in rows) and

population distribution (in column).

Table 1: Summary of firm’s optimal locations under different locations costs and
population distribution

Population distribution

Uniform Normal

L
o

ca
ti

o
n

co
st

s Constant
s∗m and s∗d can be any points

on the market line

s∗m = s∗d = 0, that is,

the city center

Non-constant

s∗m = s∗d = s∗, where s∗ minimizes

the location costs. If location costs

follow normal distribution,then s∗ →∞

s∗m , s∗d ∈R
(See numerical simulation)

In order to illustrate the firm’s incentives when choosing its location, Figure 2 depicts

the marginal cost and revenues of location, MC L(s), MRLm(s) and MRLd (s).15 Marginal

revenues under both pricing regimes are increasing in s first and then decreasing, converg-

ing to 0 when s →∞. For our parameter values, when 0 < s < 1.92 (0 < s < 0.85), the marginal

cost of locating closer to the city center, MC L(s), lies above the marginal revenue MRLm(s)

(MRLd (s)), while for s > 1.92 (s > 0.85), MC L(s) lies below the MRLm(s) (MRLd (s), respec-

tively). MRLd (s) lies above MRLm(s) for all locations.

As an illustration, we can evaluate the MC L, MRLm and MRLd functions at the special

cases discussed above. As in Case 1, if σ→∞ and σF →∞, location costs are constant and

the population distribution becomes uniform. In this setting, MC L = MRLm = MRLd = 0

for s ∈ [0,∞), thus yielding a continuum of optimal locations s∗m and s∗d . If σ→∞, location

costs are non-constant and the population density is uniform, yielding MRLm = MRLd = 0.

In addition, MC L lies above both MRLm and MRLd , leading the firm to choose a plant

15For simplicity, we set a = b = t =σ=σF = 1 and A = 0.15. More details about the simulation can be found
in Appendix E.
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Figure 2: Simulated MC L(s), MRLm(s) and MRLd (s)

location as far away from the city center as possible under both pricing systems (as in Case

2). In contrast, when σF → ∞, locations costs are constant and the population density is

normal, yielding MC L = 0 for all s ∈ [0,∞) while the marginal revenue curves MRLm and

MRLd lie both above MC L. As a result, the monopolist chooses the city center as optimal

locations under both mill and discriminatory pricing (as in Case 3).

4.2 Numerical simulation

From our previous analysis, we obtained analytical solutions for Cases 1 to 3. The first-

order conditions for optimal locations in Case 4, however, could not be solved analytically.

We next resort to numerical simulation, similar to other studies on monopoly spatial price

discrimination such as Claycombe (1996) and Tan (2001). In particular, consider parameters

a = b = σ = σF = 1 and A = 0.15, and market size n of 100,000.16 Appendix E provides a

sequential description of our simulation.

Tables 2 and 3 report the simulated results, which comprise equilibrium prices, location-

s, market radius, profits, outputs, consumers’ surplus, and social welfare. Simulation results

are given for transportation costs per unit of distance (transportation rates), t , between 0.35

and 1.1 with an increment of 0.05.
16Venkatesh and Kamakura (2003) generate a population of 90,000 consumers in their simulation to study

bundling strategies and pricing patterns under a monopoly. We use 100,000 consumers in our simulation
so that the population sample is closer to a normal distribution. In addition, when n is large enough and
the population approximates normal distribution, the value of n does not affect performance comparisons
between mill pricing and discriminatory pricing. For example, the sign of Qd −Qm is not affected by the value
of n.
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Table 2: Simulated equilibrium prices, market radius, optimal locations and profits under
mill and discriminatory pricing – non-constant location costs and normal population

density

t p∗
m Radiusm Radiusd s∗m s∗d πm πd

0.35 0.3803 1.7705 2.8571 0.0060 0.0080 7372.2304 8113.8006
0.40 0.3721 1.5699 2.5000 0.0073 0.0088 6246.0833 7047.7597
0.45 0.3656 1.4097 2.2222 0.0088 0.0096 5263.6036 6096.3630
0.50 0.3606 1.2788 2.0000 0.0094 0.0100 4404.8691 5247.5841
0.55 0.3566 1.1699 1.8182 0.0121 0.0119 3650.2082 4488.5363
0.60 0.3533 1.0778 1.6667 0.0158 0.0145 2988.8412 3813.6167
0.65 0.3507 0.9989 1.5385 0.0188 0.0162 2405.3920 3210.6041
0.70 0.3488 0.9303 1.4286 0.0293 0.0196 1881.9337 2670.0914
0.75 0.3468 0.8709 1.3333 0.0450 0.0266 1426.2834 2183.6689
0.80 0.3441 0.8199 1.2500 0.2057 0.0371 972.5622 1744.9690
0.85 0.3427 0.7733 1.1765 0.3886 0.0514 634.3469 1348.6521
0.90 0.3340 0.7400 1.1111 1.0192 0.0869 348.8360 988.8451
0.95 0.3246 0.7110 1.0526 1.5004 0.2564 174.0311 666.6155
1.00 0.3154 0.6846 1.0000 1.9215 0.8454 82.6227 403.1798
1.05 0.3077 0.6594 0.9524 2.2796 1.3126 35.9230 228.1564
1.10 0.3015 0.6350 0.9091 2.5719 1.6938 14.8039 121.3127

Prices. From Table 2, we can see that the mill price decreases as the transportation rate t

increases. Under discriminatory pricing, the price policy (expression 14) also indicates that

the good’s price is decreasing in the transportation rate. Intuitively, when the transportation

rate increases, the firm can absorb some transportation cost to sustain sales.

Market radius. Equations 5 and 16 indicate that the widths of the market area under

both mill and discriminatory pricing increase as the transportation rate t decreases. This

point is also confirmed in Table 2, since the firm can deliver the products to a more distant

area with lower transportation rates. Table 2 also shows the market radius is larger under

discriminatory pricing than under mill pricing; as shown in Greenhut and Ohta (1972) and

Holahan (1975).

This result can be explained by the delivery price DP = p + t |x − s|. Let r represent each

consumer’s distance from the production site. Using p∗
m and pd (x), we can write the expres-

sion for DP under mill pricing and spatial price discrimination as

DPm = p∗
m + tr (23)

DPd = a

2b
+ tr

2
(24)
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Figure 3 depicts the delivery price schedules DPm and DPd illustrating that both schedules

are linear and positively sloped in the consumer’s distance to the monopolist, r . DPd is,

however, flatter than DPm . No matter which pricing regime the firm adopts, customers at a

distance r ∈ [0,
a−bp∗

m
bt ] are served by the firm, while customers at a distance r ∈ (

a−bp∗
m

bt , a
bt ]

are only served under discriminatory pricing.17

Figure 3: Delivery price schedules: mill versus discriminatory pricing

Location. Table 2 shows that the optimal locations under both mill and discriminatory

pricing move away from the city center as the transportation rate increases. For any given

location, the marginal revenue of location from approaching the city center decreases as

transportation rate, t , increases. As a result, the marginal revenue lines in Figure 2, MRLm

and MRLd , become closer to the x axis. While the marginal cost of location, MC L, does not

change. Thus, the firm locates further from the city center as transportation become more

expensive; a result that holds under both pricing regimes.

Comparing the optimal locations under each pricing regime, we find that the optimal

location under mill pricing is different from that under price discrimination. For our pa-

rameter values, for t ≤ 0.5, s∗m < s∗d , while for t ≥ 0.55, s∗m > s∗d .18

17for instance, for the parameter values considered in our simulation, customers at a distance r ∈ [0,
1−p∗

m
t ]

are served under both pricing regimes, and customers r ∈ (
1−p∗

m
t ,1] are only served under discriminatory pric-

ing. In figure 3, while intercepts a/b and a/2b become 1 and 1/2 in our parametric example, all remaining
intercepts are still functions of transportation rate t and mill price p∗

m . We could not obtain an analytical
expression for such a price, hence we need to rely on numerical simulations.

18When t ≈ 0.538, locations essentially coincide under both pricing regimes, s∗m ≈ s∗d . This finding is in line
with Hwang and Mai (1990) and Cheung and Wang (1995).
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Profits. As displayed in Table 2, higher transportation rates result in lower profits under

both mill and discriminatory pricing. This result is intuitive because more of the revenues

are used to pay for transportation cost, which in turn lower profits. Table 2 show that spatial

price discrimination is more profitable than mill pricing at all feasible values of t , i.e., πd >
πm . Hence, in the absence of regulation, the monopolist would choose a discriminatory

pricing policy.

Output. Table 3 shows that output under both pricing schedules decreases in transporta-

tion rate.19 Furthermore, as previously discussed, the market area served decreases in t .

Hence, Qm and Qd decrease as t increases, as seen in Table 3.

We also find that Qd >Qm for all t . Holahan (1975) argues that spatial price discrimina-

tion has a "market expanding effect", namely a larger market area being served. As a result,

spatial price discrimination generates larger output than a mill price policy.

Table 3: Simulated outputs, consumers’ surpluses, and social welfare under mill and
discriminatory pricing – non-constant location costs and normal population density

t Qm Qd C Sm C Sd Wm Wd

0.35 35116.08 36058.57 7883.55 7048.66 15255.78 15162.46
0.40 32870.71 34119.29 7368.76 6515.56 13614.84 13563.33
0.45 30761.19 32252.15 6887.84 6039.84 12151.44 12136.20
0.50 28807.95 30476.53 6443.84 5615.37 10848.71 10862.96
0.55 27017.24 28801.99 6038.61 5235.65 9688.82 9724.18
0.60 25390.71 27246.98 5671.47 4897.91 8660.31 8711.52
0.65 23911.07 25807.61 5337.18 4596.12 7742.58 7806.72
0.70 22530.75 24475.73 5025.35 4325.23 6907.29 6995.32
0.75 21312.81 23242.22 4753.08 4080.35 6179.36 6264.02
0.80 19131.77 22097.05 4261.28 3857.69 5233.84 5602.66
0.85 17552.15 21027.00 3908.65 3653.40 4541.00 5002.05
0.90 11686.03 19948.49 2596.70 3450.81 2945.54 4439.65
0.95 6577.27 18196.91 1455.49 3128.26 1629.52 3794.88
1.00 3316.06 13339.52 730.74 2249.41 813.37 2652.59
1.05 1607.33 8435.92 352.51 1386.84 388.43 1615.00
1.10 803.57 4893.26 175.60 785.11 190.41 906.42

Consumer surplus and social welfare. Table 3 also shows that consumer surplus and so-

cial welfare decrease in the transportation rate. Intuitively, when transportation rate in-

creases, the firm can partially absorb the higher transportation cost and pass some of such

cost to consumers (Martin, 2008; Görg et al., 2010; Baldwin and Harrigan, 2011), ultimately

19Quantities demanded decrease in delivery prices, which are increasing in the transportation rate (see ex-
pressions 23 and 24).
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causing a loss in both producer and consumer surplus.

For values of t at or below 0.85, consumer surplus satisfies C Sm >C Sd , while the oppo-

site ranking applies for higher values of t . Social welfare follows the same pattern, where

Wm ≥Wd for t ≤ 0.45, but Wm <Wd otherwise.

4.3 Effects of banning spatial price discrimination

Consider that price strategy is endogenous, allowing the monopoly to choose to adopt ei-

ther mill pricing or spatial price discrimination. From our above analysis, discriminatory

pricing always generates higher profits than mill pricing in Cases 1 to 4, implying that the

monopolist would choose a discriminatory pricing strategy.

If the authority bans spatial price discrimination, what would happen to the firm’s out-

put and social welfare? In Case 1 (2), Lemma 1 (2, respectively) indicates that prohibiting

discriminatory pricing reduces output and harms social welfare. In Case 3, we also find

that banning spatial price discrimination reduces output. However, it may be beneficial or

detrimental to social welfare depending on the market expanding effect of discriminatory

pricing.

In Case 4, we find that output is larger under spatial price discrimination. Social wel-

fare is higher (lower) under mill pricing than that under discriminatory pricing when the

transportation cost per mile is low (high, respectively). Thus, for high transportation cost-

s, banning discriminatory pricing in Case 4 decreases output and improves social welfare.

Therefore, banning discriminatory pricing reduces welfare if transportation costs are rela-

tively high, consumers are not uniformly distributed, and location is more costly close to the

city center.

5 Conclusions

Using a monopoly spatial model with normal population distribution of consumers, and

endogenous market boundaries, the paper analyzes the effects of spatial price discrimina-

tion on the firm’s location choices, output and social welfare under both constant and non-

constant locations costs along the market line. The main conclusions are the following.

First, when the location costs are constant over the market line, the monopolist locates

at the median of the population distribution under both mill and discriminatory pricing. We
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also find that the market area, profit and total output are larger under spatial price discrim-

ination than under mill pricing. Intuitively, under spatial price discrimination, the firm can

attract distant consumers by lowering prices, which in turn helps it serve a larger market.

Second, when the location costs are non-constant along the market line, the monopolist

locates at different places under mill pricing and spatial price discrimination. Relative to

spatial price discrimination, when transportation rate is low, the firm locates closer to the

city center under mill pricing, but locates further away from the city center when such a cost

increases.20

Spatial price discrimination is banned in many countries because the authorities consid-

er that price discrimination is detrimental to social welfare. However, our findings suggest

that spatial price discrimination may raise social welfare. For instance, our results suggest

that, in industries with high transportation rate (such as ready-mixed concrete and cement),

allowing spatial price discrimination can actually improve social welfare.21 Thus, a blanket

prohibition of price discrimination is not socially desirable. As Cheung and Wang (1995)

note, a selective regulatory policy would be preferred.

Our model can be extended in several directions. First, we could allow for more com-

petitive market structures. Second, we assume that the monopolist produces at a single lo-

cation. This assumption may be reasonable when the location setup cost is high, but could

be relaxed if these costs are low, thus allowing for multiple plant locations. Third, this pa-

per assumes that consumers’ preferences are homogeneous, but preferences could differ

depending on consumers’ location due to differences in income or taste.

Appendix

A Proof of Lemma 1

Consider a uniform population density, φ(x) = v per unit length. In Case 1, location costs

are constant for all s, i.e., F (s,n) = An.

20We also find that spatial price discrimination results in a larger market area, higher profit, and larger output
than mill pricing. However, compared with mill pricing, social welfare under spatial price discrimination is
higher (lower) when transportation rate is low (high, respectively).

21While Miller and Osborne (2014) find that banning price discrimination would increase consumer surplus,
they do not evaluate profit losses, and thus cannot conclude whether social welfare increases or decreases. Our
results, hence, help identify under which contexts price discrimination has welfare improving effects.
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Second stage: Pricing decisions. Mill pricing. In this case, the first order condition for

optimal price under mill pricing (expression (7)) becomes 2
∫ s+ a−bpm

bt
0 nv[a −2bpm −bt |x −

s|]d x = 0. Solving for p∗
m , we obtain p∗

m = a
3b . Thus, under mill pricing, we obtain the market

boundaries Rm = s ± 2a
3bt , aggregate output Qm = 4nva2

9bt , profit Πm = 4nva3

27b2t
− An, and social

welfare Wd = nva3

4b2t
− An.

Discriminatory pricing. Given φ(x) = v and F (s,n) = An, we find market boundaries

Rd = s ± a
bt , aggregate output Qd = nva2

bt , profit Πd = nva3

6b2t
− An, and social welfare Wd =

nva3

4b2t
− An.

First stage: location decisions. Under mill pricing, profit function is Πm = 4nva3

27b2t
− An,

which is independent on s.

Under discriminatory pricing, profit function is Πd = nva3

6b2t
− An, which is also indepen-

dent on s.

Hence, both first order conditions hold for all s, indicating the monopolist obtains the

same profits at any location. The market radius, output, and social welfare are not affected

by s, either. Finally, we can easy show that Qd >Qm and Wd >Wm .

B Proof of Lemma 2

Second stage: Pricing decisions Mill pricing. Under a uniformly distributed population

density φ(x) = v , the first order condition for optimal price under mill pricing (expression

(7)) becomes

2
∫ s+ a−bpm

bt

0
nv[a −2bpm −bt |x − s|]d x = 0

Solving for p∗
m , we obtain p∗

m = a
3b . Thus, under mill pricing, the market boundaries (ex-

pression (5)), aggregate output (expression (8)), profit (expression (9)) and social welfare

(expression (11)) become

Rm = s ± 2a

3bt

Qm = 4nva2

9bt

Πm = 4nva3

27b2t
−F (s,n)

Wm = 20nva3

81b2t
−F (s,n)

Discriminatory pricing. Still under a uniformly distributed population, the expression-
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s for market boundaries, aggregate output, profit, and social welfare (equations (16)-(20))

become

Rd = s ± a

bt

Qd = nva2

bt

Πd = nva3

6b2t
−F (s,n)

Wd = nva3

4b2t
−F (s,n)

First stage: location decisions. Under mill pricing, profit function isΠm = 4nva2

27b2t
−F (s,n).

Taking first order condition with respect to s, we obtain

∂Πm

∂s
=−∂F (s,n)

∂s
= 0

Under discriminatory pricing, profit function is Πd = nva2

6b2t
−F (s,n). Taking first order

condition with respect to s, we find

∂Πd

∂s
=−∂F (s,n)

∂s
= 0

Hence, both first order conditions indicate that the monopolist will locate at the location

where the location cost is minimum, which implies s∗d = s∗m = s∗.

C Proof of Proposition 1

Under mill pricing, the profit function is shown in expression (9). Taking derivative with

respect to firm’s location, we get

∂Πm

∂s
= btnp∗

m

∫ s+ a−bp∗m
bt

s
φ(x)d x −

∫ s

s− a−bp∗m
bt

φ(x)d x


Given the normal density function φ(x) in equation (1), we can find ∂Πm

∂s = 0 for s = 0

and ∂Πm
∂s < 0 for s > 0. Thus, the unique optimal location under mill pricing and constant

location cost is the city center, s∗m = 0.

Under discriminatory pricing, the profit function is shown in expression (18), taking
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derivative with respect to s, we obtain

∂Πd

∂s
=

∫ s+ a
bt

s
tnφ(x)

a −bt (x − s)

2
d x −

∫ s

s− a
bt

tnφ(x)
a −bt (s −x)

2
d x

Now let r = |x − s|, where r is the distance from the firm’s location and r ∈ [0, a
bt ]. Each

consumer at distance r has a demand qr = a−btr
2 ≥ 0 under price policy (14). Then ∂Πd

∂s

becomes
∂Πd

∂s
= t

∫ a
bt

0
n[φ(s + r )−φ(s − r )]qr dr

Given the normal density function φ(x), it follows ∂Πd
∂s = 0 for s = 0 and ∂Πd

∂s < 0 for s > 0.

Thus, similarly to mill pricing, the unique optimal location under discriminatory pricing

and constant location cost is the city center, s∗d = 0.

D Comparison of equilibrium outcomes in Case 3

Based on Proposition 1, we know s∗m = s∗d = 0. We next compare market radius, profits,

output, and welfare in mill and discriminatory pricing.

Market radius. Using (5) and (16), the market radius under mill pricing and spatial price

discrimination are r adi usm = |Rm − s∗m | = a−bp∗
m

bt and r adi usd = |Rd − s∗d | = a
bt . Because

p∗
m ∈ (0, a

2b ), it follows that r adi usm < a
bt , so the market area is larger under discriminatory

pricing than under mill pricing when the firm’s location is Given.

Profits. Under discriminatory pricing, the market area can be divided into three regions

x ∈ [− a
bt ,−a−bp∗

m
bt ), x ∈ [−a−bp∗

m
bt ,

a−bp∗
m

bt ], and x ∈ (
a−bp∗

m
bt , a

bt ]. For any market x in the mar-

ket interval [− a
bt ,−a−bp∗

m
bt ) and (

a−bp∗
m

bt , a
bt ], the firm can make positive net revenue above

location cost under discriminatory pricing, while zero net revenue above location cost un-

der mill pricing since the demand in this market interval is zero. Under mill pricing, for

any market x in [−a−bp∗
m

bt ,
a−bp∗

m
bt ], the net revenue above location cost (4) is maximized at

pm = a−bt |x|
2b with a value of nφ(x)(a−bt |x|)2

4b , which is the optimal net revenue above location

cost (12) under price discrimination. Since p∗
m is a constant mill price, p∗

m cannot be e-

qual to a−bt |x|
2b and maximize the net revenue for every market x ∈ [−a−bp∗

m
bt ,

a−bp∗
m

bt ]. Thus,

discriminatory pricing yields higher aggregate revenue than under mill pricing. Given the

same location cost of the given location, discriminatory pricing is more profitable than mill

pricing.
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Output. Since p∗
m solves the first order condition (7), this means

∫ a−bp∗m
bt

− a−bp∗m
bt

nφ(x)(a −
2bp∗

m − bt |x|)d x = 0. Using (8) and (17), we can calculate the output difference between

the two pricing systems:

Qd −Qm =
∫ − a−bp∗m

bt

− a
bt

nφ(x)(a −bt |x|)
2

d x +
∫ a

bt

a−bp∗m
bt

nφ(x)(a −bt |x|)
2

d x

− 1

2

∫ a−bp∗m
bt

− a−bp∗m
bt

nφ(x)[a −2bp∗
m −bt |x|]d x

=
∫ − a−bp∗m

bt

− a
bt

nφ(x)(a −bt |x|)
2

d x +
∫ a

bt

a−bp∗m
bt

nφ(x)(a −bt |x|)
2

d x

> 0

Thus, the output of the monopolist is higher under spatial price discrimination than

mill pricing. From above equation, we can clearly see that the output difference between

discriminatory and mill pricing is equal to the output gain from the extra market area under

spatial price discrimination.

Social welfare. Using (11) and (20), we can calculate the social welfare difference be-

tween the two pricing regimes:

Wd −Wm =
∫ − a−bp∗m

bt

− a
bt

3nφ(x)(a −bt |x|)2

8b
d x +

∫ a
bt

a−bp∗m
bt

3nφ(x)(a −bt |x|)2

8b
d x︸ ︷︷ ︸

>0,Welfare gain from extra market regions [− a
bt ,− a−bp∗

m
bt ) and (

a−bp∗
m

bt , a
bt ]

+ 1

2
(Π

m|x∈[− a−bp∗m
bt ,

a−bp∗m
bt ]

−Π
d |x∈[− a−bp∗m

bt ,
a−bp∗m

bt ]
)︸ ︷︷ ︸

<0,Welfare loss in the nearby market interval [− a−bp∗
m

bt ,
a−bp∗

m
bt ]

T 0

where Π
m|x∈[− a−bp∗m

bt ,
a−bp∗m

bt ]
and Π

d |x∈[− a−bp∗m
bt ,

a−bp∗m
bt ]

are the profits under mill pricing and dis-

criminatory pricing in market area [−a−bp∗
m

bt ,
a−bp∗

m
bt ], respectively. As we argued previously,

Π
m|x∈[− a−bp∗m

bt ,
a−bp∗m

bt ]
<Π

d |x∈[− a−bp∗m
bt ,

a−bp∗m
bt ]

. This implies that in market area [−a−bp∗
m

bt ,
a−bp∗

m
bt ],

spatial price discrimination reduces welfare. Relative to mill pricing, discriminatory pricing

regime serves extra market regions [− a
bt ,−a−bp∗

m
bt ) and (

a−bp∗
m

bt , a
bt ], where the welfare increas-

es. The sign of Wd−Wm depends on the welfare gain from [− a
bt ,−a−bp∗

m
bt ) and (

a−bp∗
m

bt , a
bt ] and

the welfare loss from [−a−bp∗
m

bt ,
a−bp∗

m
bt ]. Thus, the welfare therefore may be higher or lower

under discrimination than under mill pricing.
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E Simulation description

Under mill pricing, the two-stage game can be formulated as constrained optimization prob-

lem

max
pm ,s

πm(pm , s) =
∫ s+ a−bpm

bt

s− a−bpm
bt

nφ(x)pm[a −b(pm + t |x − s|)]d x −F (s,n)

s.t.
∫ s+ a−bpm

bt

s− a−bpm
bt

nφ(x)[a −2bpm −bt |x − s|]d x = 0

(25)

The two-stage game under discriminatory pricing can be formulated as constrained op-

timization problem

max
pd ,s

πd (pd , s) =
∫ s+ a

bt

s− a
bt

nφ(x)pd [a −b(pd + t |x − s|)]d x −F (s,n)

s.t. pd = a −bt |x − s|
2b

(26)

The integrals can be approximated with Monte Carlo Simulation. Generally, suppose

q(x) is density function of x and that we want to compute
∫

g (x)q(x)d x. We can simulate

N draws (x1, ..., xN ) from q(x), and let N−1 ∑N
i=1 g (xi ) be the approximation of

∫
g (x)q(x)d x.

In practice, many researchers adopt this technique to approximate integral in their studies

(Berry et al., 1995; Dubé et al., 2012; Lee and Seo, 2015).

We set a = b = σ = σF = 1, and A = 0.15. Now we simulate n = 100,000 artificial con-

sumers drawn from φ(x). We only analyze the case where s ≥ 0. Analogous results apply

when s ≤ 0. In footnote section 3.1, we also show that pm ∈ (0, a
2b ). Thus, the constrained

optimization problem under mill pricing becomes

max
pm ,s

πm(pm , s) = 1

n

n∑
i=1

(
1(s − a −bpm

bt
≤ xi ≤ s + a −bpm

bt
)npm[a −b(pm + t |xi − s|)]

)
−F (s,n)

s.t.
1

n

n∑
i=1

(
1(s − a −bpm

bt
≤ xi ≤ s + a −bpm

bt
)n[a −2bpm −bt |xi − s|]

)
= 0

0 < pm < a

2b
, s ≥ 0

(27)

where indicator function 1(s − a−bpm
bt ≤ xi ≤ s + a−bpm

bt ) takes 1 if xi is in the interval (s −
a−bpm

bt , s + a−bpm
bt ) and 0 otherwise.
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Under discriminatory pricing, the constrained optimization problem becomes

max
s

πd (s) = 1

n

∑
i=1

n

(
1(s − a

bt
≤ xi ≤ s + a

bt
)

n(a −bt |xi − s|)2

4b

)
−F (s,n)

s.t. s ≥ 0

(28)

where 1(s − a
bt ≤ xi ≤ s + a

bt ) takes 1 if xi is in the interval (s − a
bt , s + a

bt ) and 0 otherwise.

In this paper, we solve the Mathematical Program with Equilibrium Constraints (MPEC)

with KNITRO optimization solver (Su and Judd, 2012; Dubé et al., 2012). After we find the

equilibrium p∗
m , s∗m and s∗d , we can use Monte Carlo approximation to get the equilibrium

profits, outputs, consumer surplus, and welfare under both pricing regimes. For example,

equilibrium output under mill pricing can be approximated by Q∗
m = 1

n

∑n
i=1(1(s∗m − a−bp∗

m
bt ≤

xi ≤ s∗m+ a−bp∗
m

bt )[a−b(p∗
m+t |xi −s∗m |)]). We replicate the Monte Carlo simulation 1000 times

and find the mean of each variable.

To get Figure 2, we first generate a sequence of location (s1, ..., sns) and calculate MC L,

MRLm , and MRLd at each location. For a given location sk , the marginal cost of location

can be obtained by MC L(sk ) = Anskp
2πσ3

F
e
− s2

k
2σ2

F .

Under discriminatory pricing, the marginal revenue of location at sk can be approximat-

ed by

MRLd (sk ) = 1

n

n∑
i=1

(
1(sk −

a

bt
≤ xi ≤ sk )

nt (a −bt |xi − sk |)
2

)
− 1

n

n∑
i=1

(
1(sk ≤ xi ≤ sk +

a

bt
)

nt (a −bt |xi − sk |)
2

) (29)

Under mill pricing, we need to find the optimal price at location sk . To achieve this, we

solve

max
pm

πm(pm , sk ) = 1

n

n∑
i=1

(
1(sk −

a −bpm

bt
≤ xi ≤ sk +

a −bpm

bt
)npm[a −b(pm + t |xi − sk |)]

)
−F (sk ,n)

s.t. 0 < pm < a

2b

By solving above problem with KNITRO, we get the optimal price p∗
m . Then we can approxi-
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mate marginal revenue of location at sk under mill pricing by Monte Carlo simulation.

MRLm(sk ) = 1

n

n∑
i=1

(
1(sk −

a −bp∗
m

bt
≤ xi ≤ sk )nbt p∗

m

)
− 1

n

n∑
i=1

(
1(sk ≤ xi ≤ sk +

a −bp∗
m

bt
)nbt p∗

m

) (30)

Finally, we can plot MC L, MRLm , and MRLd and obtain figure 2.
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